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Abstract

This paper presents a model in which investors form their expectations in an
adaptive way to price bonds, in the spirit of Adam, Marcet and Nicolini (2011). We
follow different assumptions regarding the learning process followed by agents. In
the case of finite maturity bonds, the knowledge of the pricing of the first maturity
will act as an “anchor”, limiting the price volatility of bonds with short maturities.
As the maturity increases, the price volatility converges to that of the consol bond.
Our results suggests this learning mechanism can help the model capture some of
the observed empirical dynamics of yield curve.

Resumen

Este documento presenta un modelo en el cual los inversionistas forman sus ex-
pectativas sobre el precio de los bonos de forma adaptativa, en linea con el trabajo de
Adam et al. (2011). Ezxploramos diferentes supuestos relativos al proceso de apren-
dizaje sequido por los agentes. En el caso de bonos con un periodo de maduracion
finito, el conocimiento respecto a la regla de formacion de precios del bono a un
periodo actia como un ’ancla’, limitando la volatilidad del precio de los bonos con
periodos de maduracion cortos. A medida que el periodo de maduracion se incre-
menta, la volatilidad del precio de los bonos converge a la de los bonos perpetuos.
Nuestros resultados sugieren que este mecanismo de aprendizaje puede ayudar al
modelo a capturar algunos de los hechos estilizados asociados con la dinamica de la
curva de rendimiento.
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1 Introduction

The adaptive learning approach proposes the modelling of agents as econometricians,
who use all the available data to construct forecasting functions, revised over time as new
data becomes available. Adam et al. (2011) use this approach to successfully explain a
series of equity pricing puzzles. Modelling agents who learn about the behaviour of equity
prices is key to their results. This paper explores whether this particular mechanism is
useful for the study of bond yield dynamics.

Carceles-Poveda and Giannitsarou (2008) provide a thorough analysis of the introduc-
tion of self-referential learning general equilibrium framework. Self-referential learning
means that agents’ beliefs affect the behaviour of economic variables, which in turn affect
agents’ beliefs and so on. In the models presented by Carceles-Poveda and Giannitsarou
(2008), agents are assumed to know the functional form of the law of motion relating the
variable of interest to the state variables, but they do not know the value of the coeffi-
cients in this law of motion. The authors conclude that the effects of learning in their
setup are modest, providing very little improvements over the rational expectations (RE)
case. Timmermann (1996) analyzes self-referential learning when agents also learn about
the exogenous dividend process. This mechanism is capable of increasing the volatility
of simulated stock prices but, as in the case of Carceles-Poveda and Giannitsarou (2008),
its impact is modest. The key difference between these results and the ones obtained
by Adam et al. (2011) is that in the latter, agents are not endowed with knowledge of
the mapping between dividends and prices. One of the critical implications of this as-
sumption is that agents are unable to express the value of the asset as a discounted sum
of payoffs. Moreover, in a related paper, Adam and Marcet (2011) show that endowing
agents with this knowledge involves a large set of strong assumptions about agents’ be-
liefs. This means that agents have to form beliefs about the law of motion of stock prices
directly. These beliefs are used to forecast next period’s stock price. Since this period’s
stock price is affected by expectations of next period’s stock price, there is a very direct
link between beliefs about stock prices and the actual behaviour of stock prices.

We follow Adam et al. (2011) by presenting a model in which agents learn about bond
prices. Applying the idea of Adam et al. (2011) to bond prices means that learning is
strictly speaking no longer self-referential, unless a consol bond is considered. That is
beliefs about the price of an n-th period bond do not affect the behaviour of the price
of this n-th period bond, but they do affect the behaviour of the prices of bonds with a
higher maturity. We obtain three key results: First, learning about price dynamics affects
the relative volatility of bonds in a heterogeneous way, as the prices of higher maturity
assets become more volatile relative to the rational expectations (RE) case. Second, as
maturity increases, the price volatility converges to the one implied by the consol bond
case, which we treat as a benchmark since, similar to equity, this instrument has no
redemption date. Finally, we perform a series of numerical exercises that suggest this
mechanism can be useful for explaining the pattern of volatilities observed in the term
structure.

The present document is organized in the following way. In Section 2 we present the
baseline model and the proposed cases for study. In Section 3 we discuss the learning
rule and contrast analytically the case of consol bonds, in which learning is self-referential
and the case of finite-maturity bonds. In Section 4, we present numerical simulations and



report findings regarding the implied behaviour of price and yield volatility in both cases.
Section 5 presents our conclusions.

2 Setup

2.1 The Economy

The economy is composed by infinite-lived consumers-investors who face the following
problem:
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t=0

Agents can save their resources in nominal assets. In particular, we assume they have
access to a series of T risk-free bonds with a payoff at maturity and a series of coupons in
each period, denoted by ¢;,. QgT) stands for the nominal price of the bond with 7 periods
to maturity in period ¢, while Bt(_?l is the quantity of bonds. We assume 7 is an arbitrary
high number. Additionally, agents have access to a consol type bond, which price we
denote by (7°, and pays the same coupon as the finite maturity bonds.

The representative investor budget constraint will be given by:
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The first order conditions over the bonds yield the following set of Euler equations:
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where @Y is the principal paid by the bond at maturity, in period ¢. The principal is
given by Qg’f = ¢,Q%. Thus, coupons and principal will share the same growth rate.

2.2 Cases

The cases we present in this paper will follow the pricing equations given by 2 and 3,
however they will differ in the assumptions we make regarding the process for inflation
and the coupon payments, as well as in the way agents form their beliefs, defined by the
perceived law of motion (PLM).

Case I: Stochastic coupon growth and learning about nominal bond price
growth rates.

We begin as close as possible to Adam et al. (2011) to provide a benchmark. This exercise
will show us how the introduction of a finite maturity alters the results obtained by the



aforementioned authors for the case of equity. We make the pay-off structure stochastic
by defining the following process for the coupon and principal:

¢t+1 = ’quﬁbtft, Er N(lv 0-35)7 Vo > 0. (4)

Under stochastic coupons, a consol-type bond will have the same pay-off structure as
equity. Since here we focus on the coupon as the main driver of these assets dynamics,
consumption will be parameterized as random walk process, following Cochrane and
Campbell (1999):
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where & ~ N(0,0%).! We assume as well the consumption growth covariance with the
rest of the processes in the model is zero.? Prices are assumed constant. We follow Adam
et al. (2011) by specifying agents with the following beliefs:
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where Q,Efl) stands for the price of the bond with 7 periods to maturity, in the Case I
setup, and ¢ ~ i.i.d N(1,0%). Note that agents will hold an individual PLM for each
maturity.

Case 1I: Stochastic inflation and learning about bond price real growth rates
The case of stochastic coupon payments provides a good approximation to the effects of
different maturities for the learning mechanism in Adam et al. (2011). However, bonds
exhibit a deterministic path for coupons (usually flat). For this reason we change this
assumption and introduce now a deterministic growth rate for coupons.

i1 = ’7¢><Z5t§ (7)

which considers the case of flat coupon-payment schedule when ~, = 1. The processes
for consumption remains the same as in the previous case. However, inflation will now
be stochastic:

= veer, e ~ N(1,02), 7= > 0. (8)

!The literature has not reached a definitive consensus on the process consumption growth follows.
While some authors find that the implications for consumption growth in the model of Hall (1978) -
consumption follows a random walk - cannot be completely rejected by the data, others claim that the
series fits a process with high serial autocorrelation. For a discussion see Carroll et al. (2011).

2Introducing a covariance would complicate the analysis as the actual growth rate of prices would
stop being constant. Throughout the present paper we will assume agents only care about first moments.

3We simply follow the proposed learning rule in Adam et al. (2011). Alternatively, we could have
set a model where agents iterate 2 forward and obtain a yield curve where all maturities depend on
the same factors. This would be equivalent to the learning mechanism proposed by Carceles-Poveda
and Giannitsarou (2008), which yields modest results. Adam and Marcet (2011) discuss this element of
arbitrariness, which is often present in learning models, and propose a microfounded framework where
the Law of iterated expectations ceases to hold and learning about price dynamics arises as an optimal
behaviour. This type of learning can be rationalized in several ways: (1) as a model where agents possess
short-term buy and sell strategies; (2) as a model where agents do not know they are the marginal
pricer; and (3) as a model of vanishing heterogeneity across agents. For a discussion see Adam and
Marcet (2011).



We assume inflation is uncorrelated with the rest of the processes in the economy.* Agents
will focus on learning the real growth rate of bonds. For this reason, the PLM will be
given by:
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In this case, we have chosen to use inflation as the process behind bond price dynamics.
Assuming similar dynamics for the consumption growth rate will generate equivalent
results.’

3 Learning

3.1 Analytic results

In this section we study analytically how the introduction of the learning mechanisms
proposed in Section 2 affects the dynamics of asset prices. This is important since in order
to stay as close to Adam et al. (2011), we restrict our attention to learning mechanisms
that comply with two desirable properties: (1) the laws of motion under a least-squares
learning rule converge to those corresponding to the rational expectations equilibrium,
and (2) learning should be reasonable. To check whether the first condition is satisfied,
we analyse the ordinary differential equations (ODE) associated with the stochastic re-
cursive algorithm (SRA) that describes the dynamics of the processes under learning.
For this purpose we construct T-maps and check if the rational expectations equilibrium
constitutes an equilibrium of the system of ODE. For the second condition, we verify that
the PLM presented in Section 2 are not misspecified, in the sense that PLMs used cannot
possibly converge to a REE.®

We start by defining a general learning function. For the case of nominal price growth
learning, beliefs will be updated following:
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where ¢;(0) = 0 and ¢’(-) > 0. These conditions define a learning process that adjusts
beliefs in the same direction as the prediction error.”

4As we show in appendix A, under rational expectations, the inflation rate and bond prices will be
uncorrelated. However the covariance will not be zero along the learning path. For this reason we need
agents who hold linear beliefs as a condition for convergence to the rational expectations equilibrium.

5In the case consumption growth is chosen as the source of dynamics agents will learn about the
risk-adjusted price growth rate. For an example see Adam et al. (2011).

6Tt is important differentiate this from econometric misspecification. Most learning models are mis-
specified from an econometric viewpoint, since agents fail to recognize the self-referential nature of the
process they estimate. See Evans and Honkapohja (2001), Ch.13.

"The assumption that agents use lagged information to update their beliefs is standard in the learning
literature as simultaneous updating gives rise to a series of difficulties. For a discussion see Evans and
Honkapohja (2001).



Since both cases share the same properties, we focus on Case I for our analytical
results.® First we focus on the consol bond. Substituting assumptions 4, 5, together with
the PLM for this case into Eq. 3, we obtain:

(00,1 (00,I)
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where Btoo is the belief agents hold about S*. Solving for Q° yields:
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From this result we can derive the actual behaviour of the consol bond growth rate, which
is given by:
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is the T-mapping, which summarizes the actual behaviour of the infinite-maturity asset
growth rate for given values of g and AS. Therefore, the dynamics of consol bond prices
are not only defined by the beliefs agents hold on the growth rate, A, but also by the
change in these beliefs. This generates momentum in the consol price dynamics, which
is the key element explaining the low frequency “ups and downs” observed in the data.’
This result is obtained because learning is self-referential. When a positive shock to
beliefs occur, it increases the observed future growth rates, which in turn, pushes up
future beliefs. Notice as well that the specified PLM allows for reasonable learning, since
provided beliefs converge, consol bond prices will follow the behaviour implied by rational
expectations.'’
For the case of finite-maturity assets, we obtain from Eq. 2:

iJ Ai A (i—1,T
= St + o BiQIT, Ve (15)
while the one period to maturity asset price will be given by:
Q" = 0y (00 + 4Q™T) (16)
8We refer the reader to appendix B for derivations for Case II.

9See Adam et al. (2011).
10Gee Appendix A for derivations.




Substituting the actual growth rates for each maturity, it is possible to express the actual
growth rate as:!!
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Equation 17 represents the actual dynamics followed by the price growth rate of each ma-
turity. We notice several interesting features. First, learning stops being self-referential.
In this case the shocks affecting the beliefs do not have a feedback effect. An increase in
the estimated growth rate for the price of maturity 7, (i.e.: ABt(z) > 0), will affect prices
for maturities ¢ and higher, but, given the family of learning rules defined by 10, not
maturity ¢. When agents believe the price of the ¢ periods to maturity asset will increase
over the next period, the price of the subsequent maturity (i + 1) would increase today.
This affects the perceived dynamics of this maturity and consequently the price of the
1 + 2 periods to maturity asset. In this sense, agents learn through the yield curve.

Second, we verify that these perceived laws of motion are well specified, as the change
in the bond price would converge under least squares learning to the predicted growth
rate under rational expectations for all maturities.!? 3 If AB(i) =0, V;, then:

The third result is related in the way in which pricing errors in previous maturities
affect new ones. As in the case of rational expectations, a shock in the coupon growth rate
will increase the price of all maturities. However, due to the presence of price learning, an
additional effect emerges as higher maturities carry changes in expectations from lower
maturities. This effect will not necessarily push the price of bonds in the same direction
as the shock, since the updating of beliefs occurs using lagged information. Given the
non-linearities and interaction among different maturities, we analyse these dynamics in
Section 4 through numerical simulations.

Finally, it is important to stress that when agents learn the growth rate for each
maturity, the growth rates they observe will actually differ across maturities, even if their
priors are the correct ones.'*

11GSee appendix B for derivations.

128¢trictly, we need to define additional conditions for convergence. In specific, we would have to
make use of the Projection Facility, which imposes bounds on the values of the 8’s. Some additional
assumptions must be made on the support of . For a discussion see Adam et al. (2011).

13See Appendix A for derivations of the rational expectations equilibrium growth rates.

14This result is related to the self-fulfilled dynamics observed in other applications of learning models.
For an example see Branch and Evans (2011).



3.2 Learning

In order to complete the characterization of bond price dynamics it is necessary to
define how agents update their beliefs. The literature presents several alternatives. The
most popular ones are: (a) least-squares learning (LSL) and (b) constant-gain learning
(CGL). The former depicts agents who put the same weight on each observation. There-
fore, it is a decreasing-gain learning mechanism. By contrast, under CGL, agents always
put a higher weight on new observations relative to previous ones. As Sargent (1993)
points out, the use of this type of learning may reflect agents’ concerns with regime
changes or a preference for adaptability.’® In this section we consider the CGL case.
Branch and Evans (2006) find ample empirical evidence supporting the use of this type
of learning when modelling agents expectations.!® Now we define the beliefs updating
equations. For the case of simple growth rates, as in Case I:

o, A(0)
T - Bt—l ) Vie[l,ﬂ,izoo (21)
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where o is a constant and positive gain parameter.'” When agents learn about the price
real growth rate, as in Case II, beliefs follow:
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4 Numerical Exercises

4.1 Baseline Calibration

Each model involves five parameters, reported in tables 1 and 2 for cases I and II.
We set a value of 0.994 for the time-preference parameter, in order to match the United
States ex-post 3-month treasury bill average real return rate for the 1969-2013 period.
The growth rates of consumption and inflation are taken from the Bureau of Economic
Analysis NIPA tables, for the years 1969 to 2013. In the stochastic coupon case we set the
growth rate and standard deviation of coupons to match the behaviour of consumption.
Finally, the gain parameter is set at 0.001 for the case of stochastic coupons and to 0.01
for the case of learning over the real growth rate. We set this parameter to avoid falling
into the projection facility upper and lower bounds, for the simulated maturities. This
means that all dynamics are generated by the learning process and not by additional
constraints. We remind the reader that our emphasis is not into matching any empirical
moments, but simply to analyse how maturity plays a role under the proposed learning
mechanism.

150n the other side, the presence of constant-gain learning can give rise to unexpected dynamics. For
discussion see Williams (2001). See Evans and Honkapohja (2001), Ch. 14 for a general discussion of
the properties of models of constant-gain learning.

1Even if we assume CGL, we consider PLMs that allow for convergence to the rational expectations’
beliefs when LSL is followed.

IT"We make use of the standard timing assumption in order to avoid the joint determination of beliefs
and observed prices. For a discussion see Evans and Honkapohja (2001), Ch. 3.



Table 1: Baseline Calibration: Case I
Parameter Value Description

0 0.994  consumers time-preference parameter.

Lhe 0.993 inverse of consumption growth factor.

Yo 1/0.993 growth rate of coupons and principal.

o) 0.005 standard deviation of coupon growth rate.
o 0.001  gain parameter (fixed).

Table 2: Baseline Calibration: Case II
Parameter Value Description

0 0.994  consumers time-preference parameter.
Lhe 0.993 inverse of consumption growth factor.
Yr 0.989 inverse of inflation factor.

Or 0.007 standard deviation of inflation factor.
o} 0.01  gain parameter (fixed).

4.2 Results

We perform numerical simulations for both cases. First, we confirm our analytical
results. As the maturity increases, the volatility of the price/coupon ratio under learning
rises. Figure 1, shows the results for Case I, the model with stochastic coupon growth. We
report the sample standard deviations for the learning case for both the finite maturity
and consol bonds. We observe a pattern that increases with maturity, approximating the
consol bond. Notice that under rational expectations the price/coupon ratio is constant.

The numerical results confirm the insights obtained from our analytical derivations.
Learning affects volatilities in a heterogeneous way across maturities. There are two
reasons for this: First, higher maturities carry on pricing errors from previous ones.
Due to the fact that the one period to maturity bond is not subject to pricing errors,
the number of terms to maturity limits the pricing error of a given asset. Second, as
maturity increases, the importance of capital gains, relative to coupon income, rises. The
fact that agents know perfectly how to price next period coupons, makes learning about
prices more important for higher maturities. As maturity increases, this effect vanishes
and the volatility of the asset starts converging to the once implied by the consol bond
case.

Figure 2 shows the evolution of beliefs for three particular maturities. As we can
observe, the behaviour of beliefs for the highest maturity approximates the one of the
infinite-lived asset.

For Case II we observe similar dynamics. This is not surprising since, from our
analytical derivations, we know that the way in which changes in beliefs affect higher
maturities is analogous to the case with an stochastic coupon growth rate. Because under
rational expectations prices would be fixed, we report the price standard deviation for
each maturity. Figure 3 shows the results. As we observe, simulated standard deviations
of prices approximate the one of the consol bond as maturity increases. Beliefs show a
similar pattern as the dynamics of the beliefs for the highest maturity approximate the
ones of the consol bond in each simulation. Note that only at very high maturities is
the volatility of bond prices of finite-maturity bonds similar to that of the consol bond.
Learning the price of a one-period bond is simple since it is only involves learning about
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Figure 1: Case I - Std. Dev. of price/coupon ratio

Note: Figure reports the standard deviation of the price/coupon ratio of the simulated prices under
learning. Simulations follow the calibration in Table 1. Sample size in each draw is 1000. We report
averages of 20 draws. Simulated values never hit the projection facility.

an exogenous variable. Learning about a two-period bond involves learning about an
exogenous variable and the law of motion of a one-period bond. As the maturity increases
the learning exercise involves more endogenous variables, but this only gradually leads
to higher volatility.

Finally, we use these prices to calculate the yield to maturity. We report the simulated
statistics for a selection of maturities. The pattern generated is similar to the one found in
the data: yields decrease slowly through the term structure. It must be noticed that here
yields correspond to the ones of non-zero coupon bonds. Nonetheless, volatility arises
from the behaviour of expected capital gains, while coupons are fixed. The volatility for
the first maturity is zero since it is priced assuming rational expectations. Although our
purpose is not to match the empirical data, the results suggests this learning mechanism
can help the model capture the observed empirical dynamics.

10
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Figure 2: Case I -Evolution of beliefs

Note: Figure reports the beliefs of the price growth for each of the reported maturities under learning. Simulations follow the calibration in Table 1.
Sample size of the draw is 1000. We report first 200 observations
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Sample size of the draw is 1000. We report first 200 observations.

calibration in Table 1.



5 Conclusions

The present paper presents a model in which agents learn about the growth rate
of bonds adaptively, following Adam et al. (2011). The proposed learning mechanism,
when applied to finite-maturity assets, ceases to be self-referential, although, it generates
interesting dynamics. First, changes in beliefs are carried over to higher maturities.
This generates an amplification of shocks through the yield curve. Second, the impact
of learning through the yield curve affects maturities in an heterogeneous way. Higher
maturities exhibit a larger increase in their volatilities relative to the rational expectations
results. Finally, the numerical results suggest that as maturity increases, the volatility
of the asset converges to the one of the consol bond, which is subject to a self-referential
learning mechanism as in Adam et al. (2011).

In addition, we present a model in which coupons are fixed. In this case the volatility
will come from agents updating their beliefs about the real growth rate of bond prices.
Even if under rational expectations the nominal price of these bonds would be fixed, the
introduction of learning is capable of generating a slow decaying volatility pattern across
maturities, similar to the one observed in the data. We confirm that the learning mecha-
nism presented by Adam et al. (2011) for the case of equity, can help in the understanding
of the behaviour of finite-maturity assets.

Even though these results are promising, we consider that the adaptive learning lit-
erature still has some open issues regarding its microfoundations. Although Adam and
Marcet (2011) address this subject by proposing a model in which the PLM arises from a
well-specified agent-based problem, their formulation still has problems in terms of deter-
mining the existence and uniqueness of equilibrium prices. This is one of the key topics
that must be tackled by future research.

14
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Figure 5: Case II - Yield volatility under learning

Note: Figure reports the average standard deviation of calculated yield to maturity for simulated coupon-
paying bonds prices under learning. Simulations follow the calibration in Table 1. Sample size in each
draw is 1000. We report averages of 20 draws.
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Note: Figure reports the average standard deviation of calculated yield to maturity for simulated coupon-
paying bonds prices under learning. Simulations follow the calibration in Table 1 except for the value of
«, which stands for the constant-gain parameter. Sample size in each draw is 1000. We report averages
of 20 draws.
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A. Rational expectations

Here we derive the rational expectations behaviour of assets for each case. For this
we use equations 2 and 3 together with the assumptions for each case.
Case I: Stochastic coupon growth and learning about nominal bond price
growth rates.

In this case, the euler equation for consol bonds (Eq. 3) becomes:

QUMY — 5B [0+ QI (2)

solving forward, we obtain:!®

{(o0,I),RE} 5#07(75
— e 24
Qt - 51“0/7@5 ¢t ( )

The rational expectations growth rate is be given by:

00,I),RE
(DT g

e 1] =5 e (25)
For finite-maturity assets:
QI = (i(ém@j + (5/%%)@0) Pt (26)
j=1
The rational expectations growth rate is given by:
i(i71)7RE} th (27)

: = = YgEt, Vie[l,
Qﬁzil)’RE} Pr-1 i ST

Notice that under rational expectations the price of nominal bonds remains constant,
thus, the covariance between bond nominal prices and the actual inflation rate will be
zero, as the expected inflation is the same in every period.

18We assume parameter values guarantee that the price of the consol bond remains positive and finite.
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Case 1I: Stochastic inflation and learning about bond price real growth rates
The euler equation for consol bonds (Eq. 3) becomes:

QI = Speeny + B [& + Qf(ff’H)’RE}] (28)

solving forward we obtain:'?

0o 5/”’6771’7(19 Iy
Q{( JII),RE} _ (29)
' 1 — Sptevave

The rational expectations real growth rate of bonds will be given by:

Pt—l g(oo,ll),RE} Pt—l

PQI ™ T T o
For finite-maturity assets:
QI — (i@um%)j + <6Mcm>ic§o> 6 (31)
j=1
The rational expectations real growth rate is given by:
P, Q;[(i,ll),RE} P, e Vi (32

2 Q;{Siill),RE} P,

B. Properties of proposed learning mechanisms

Here we study the properties of the proposed learning mechanisms.
Case I: Stochastic coupon growth and learning about nominal bond price
growth rates.

We derive the observed behaviour of finite-maturity bonds. Starting from the one-
period to maturity asset in Eq. 16:

1,1
T = Vet (33)
t—1
now, for the two-period to maturity we have from Eq. 4 and our result for the one-period
maturity in Eq. 15:

2,1 51411
¢ 7¢>¢t+ﬂt1Qt

2.0 > 1.7
1 YePi—1 + BrQuh

9 As in the previous case, we assume parameter values are such that the price of the consol bond
remains positive and finite.
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Substituting the process for the coupon in Eq. 4 and our result for the one-period to
maturity asset in Eq. 33:

P e(rediier) + B (@1 )
T = -
t2 1 %Cbt—l +5151le1}’7[1
AB!
S S, (/S (39
’V¢>Q11 +ﬁt 1

which yields the actual law of motion for the growth rate of two-period to maturity asset.
Now for the next maturity we have from Eq. 15:

71 A
. Yobr + 32

31 5 1
Qi1 Yebi—1 +ﬁ7:2—1Q?—1

Once again, from the assumed process for the coupon in Eq. 4 and our result for the
3,1

two-period to maturity asset in Eq. 34:
A
Yo + —W) A Qt 16t
; Ve Qtl 11 +Bt 1
31 A2 :
t—1 YoPi—1 + Bt—th—l
~ A ABI
VAP + 1687 | | —o0
Yo Qi,fl +6¢_1

=17+ = Et (35)
Yoo + A

Yo(YoPr—16t) + 3152

which is the actual law of motion for the growth rate of the three-period to maturity
asset. Following this process we arrive to:

= | e + P €ty vi€[2,ﬂa (36)
15—711) Vo ¢t 111) + ﬁ( b
where:
i AB(i—1)+B(i—l) (i—1)
Q) = = : , Viep)- (37)

7¢Qi 11 T+ ﬁt

which are the equations 17 and 18 in the main text. Additionally:
o) =0, (38)

As in the case of Adam et al. (2011) an equilibrium of the model corresponds to the case
of rational expectations.
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Case 1I: Stochastic inflation and learning about bond price real growth rates

We start describing the consol bond equations. Substituting assumptions in 7, 8 and
9 into Eq. 3 we obtain:

ngo ) - 57ﬂﬂc7¢¢ + 6,UlcﬁtQ(oo = (39)

without loss of generality, we assume a flat structure for coupons and normalize their
value to 1. Thus, substituting 7, = 1 and ¢ = 1 into Eq. 39 yields:

QM = Sypte + OB QY (40)
solving for Q\*'":
0 OV bl
Q! = = (41)
1- 6:ucﬁt

thus the which is the actual law of motion for the consol bond price. We calculate the
observed real growth rate:

al@&m_<H_MA@)7g
- ) e

Tthgolm |~ opufs =T(8,AB)ef (42)

where we have used the process for prices given by Eq. 8. The T-map shows properties
similar to the ones in the previous case. A change in agents’ beliefs about the real growth
rate of prices will generate self-exciting dynamics.

Now for the case of finite maturity bonds, we use 2.

QU = Sype + 6B VQY T Ve (43)

which is the actual law of motion for the i-period to maturity bond. The behaviour of
the actual real price growth is given by:

= VrEf (44)
Fi E,’ﬁ[) 5%/~Lc+6ucﬁ(z RIGT R

Now we start from the first maturity:

Pt QM e +0p.Q0M

[ VnEp = VnEf 45
P, QS{I) Ympte + O QOAD T t (45)

The growth rate for the price of the second maturity will be given by:

P4 ng) Y npte + OB QNY o
N7 1)
Pt gl ) 5771’/% + (SIUCBt 1Q(1

(46)
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Replacing the result in 45:

1 (1,11
P, Q(Q,H) 0V lbe + 5,ucﬁ( ) (Pt 1Qt i )%5t> _

= V€ (47)
p Q(z ) 5’)’7r,uc+5,uc5t 1Q(1 ) t
1 II
_ Ovepte + 0pe 5O i
A1) A(LIT) ™=t (48)
5%uc+5ucﬁ 1Qi 1
ABY
1y L oeT (49)
1 11) + Bt
t 1

which is similar to the one found for the previous case. Further substitutions leads to:

p (,I1) AR + A(i—l)Q(i—LU)
B Qt —(1+ By By s Veer, VicpT), (50)

II
Pt 1 Qtl 1 SG-1,IT) + 6t
1

t

where:

' AB(FU‘*‘B(FD (i—1,I1)
i,11
Q§ )= . i 1) ) Vie[Z,ﬂ- (51)
111) +ﬁt
1

t

Agents will carry over forecast errors from shorter maturities.
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