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Abstract

I introduce habit formation into an otherwise standard overlapping generations econ-
omy with pure exchange populated by three-period-lived agents. Habits are modeled in
such a way that current consumption increases the marginal utility of future consumption.
With logarithmic utility functions, I demonstrate that habit formation may give rise to
stable monetary steady states in economies with hump-shaped endowment profiles and
reasonably high discount factors. Intuitively, habits imply adjacent complementarity in
consumption, which in turn helps explain why income effects are sufficiently strong in spite
of logarithmic utility. The longer horizon further strengthens the income effect. Finally, I
use the bootstrap method to construct stationary sunspot equilibria for those economies
in which the steady state is locally stable.

*T thank Stephen Spear, Laurence Ales and Yaroslav Kryukov for their support and detailed advice through-
out this project. I am also grateful to two anonymous referees for many useful comments and suggestions on this
paper, and seminar participants at Carnegie Mellon University, the University of Pittsburgh and the Central
Bank of Peru. As usual, all remaining errors are my own.

tEmail address: forrego@andrew.cmu.edu



1 Introduction

In textbook models of overlapping generations (OLG), sunspot equilibria have been intimately
related to backward bending offer curves and stable monetary steady states (see Blanchard
and Fischer [6]). Theoretically, if income effects are strong enough, then aggregate savings is a
strictly decreasing function of the real return and the monetary steady state is a sink. In two-
period models equipped with power utility, such income effects require arguably unrealistic
paramenter specifications (discount factor close to zero, income concentrated in the first period
of life and high curvature of utility function), which may explain the apparent reluctance of
the profession to embrace the idea of a sunspot equilibrium.

In this paper I introduce habit formation into an otherwise standard three-period-lived
OLG economy, in an attempt to overcome the legitimate concern discussed above. I show that
the steady state is stable when the discount factor is close to one-half, the endowment profile
is hump-shaped and the utility function is logarithmic. Then I use the forward stability of
the steady-state dynamics to construct local sunspot equilibria around the steady state, as in
Spear, Srivastava and Woodford [24].

In light of recent economic developments, the fresh perspective on stability presented in
this paper can also provide an alternative explanation, via the sunspot equilibria, for the excess
volatility that is currently observed, or for the fact that the great moderation in macroeconomic
variability in the U.S. may well be part of an on-going cyclic equilibrium variation®.

I assume that agents derive utility from the gap between current and past consumption.
In presence of subtractive habits not only the elasticity of intertemporal substitution is less
than one at any steady state, but also dated consumption goods are weak gross complements
at yields near the golden rule. I show that the set of economies in which the steady state is a
sink is relatively large when the discount factor is close to zero, but shrinks gradually as the
discount factor approaches one-half. Intuitively, when the discount factor is small enough,
the desire for youth consumption increases, which affects positively the marginal utility of
consumption in the second stage and fosters adult consumption. This in turn increases the
marginal utility of consumption in the third stage and so on. The adjacent complementarity in
consumption helps explain why income effects are sufficiently strong in spite of the logarithmic
utility.

On the other hand, the longer horizon further strengthens the income effect and helps
support stable steady states for reasonable values of the discount factor. The intuition is
as follows. When the monetary steady state is stable, the equilibrium sequence of returns
converges to the golden rule via damped oscillations. Note that in the three-period case,
households demand assets when young and middle-aged. If returns are high today, then the

current middle-age agents’ wealth is small, since they received low returns on their savings

T thank Stephen Spear for this idea.



yesterday. Consequently, their demand for money is low. This in turn suggests that, even
if the young agents’ demand for money is high because of the high returns, the aggregate
demand for savings can be low because the middle-age agents are constrained by their wealth.
Thus, because of the wealth distribution among different generations, the three-period model
possesses a mechanism for causing aggregate asset demand to decrease with the current rate
of return that is completely absent from the two-period model.

The remainder of the paper is structured as follows. Section 2 introduces the layout of the
model. Section 3 derives the competitive equilibrium. Section 4 deals with the competitive

equilibrium with sunspots. The last section concludes.

Related literature

Under the condition that the monetary steady state is stable, there can be a continuum
of convergent solutions, as well as cyclic solutions. In the former situation, I say that the
competitive equilibrium is indeterminate?. Kehoe and Levine [18] show robust examples of
indeterminacy in three-period-lived OLG economies with outside money if the discount factor
is one-half, income is hump-shaped and the intertemporal elasticity of substitution is one
fourth®.

An important property of an intertemporal elasticity of substitution of one-fourth is that
it allows goods in different periods to be gross complements at some prices. In situations
where all goods are gross substitutes, Kehoe, Levine, Mas-Colell and Woodford [19] show
that indeterminacy of the type discussed above is impossible.

Theoretical foundations for several versions of intrinsic habit formation have been recently
provided by Rozen [22]. In the OLG framework, habit formation creates room for indetermi-
nacy and is open to a finite number of different specifications, with diverse implications on
asset prices. To the best of my knowledge, Lahiri and Puhakka [20] first incorporate subtrac-
tive habit formation in a two-period OLG model with outside money. They show that cycles
arise when the discount factor is near zero and utility is logarithmic, because generational
offer curves must bend backwards (however, later on in this paper I establish that the offer
curve does not bend backwards in their model).

The current three-period extension of Lahiri and Puhakka [20] is by no means trivial,

as several authors have demonstrated that an economy in which the life cycle goes to three

?On the other hand, Bhattacharya and Russell [5] show that in three-period OLG economies there exist
two-period cycles if the elasticity of substitution is less than one-fourth and income is positive only in the first
period of life, for any value of the discount factor.

3Unfortunately, it remains difficult to support indeterminate equilibria in multiperiod OLG economies with
pure exchange, outside money and more complex structures. For instance, Azariadis and Lambertini [2] find
that indeterminacy arises in three-period economies in the presence of endogenous borrowing constraints,
logarithmic utility functions and hump-shaped endowment profiles. However, their result is not robust to the
introduction of unproductive assets in positive net supply.



periods or more may behave differently from the well-known Diamond model (see for example
Azariadis, Lee and Ohanian [3], Kehoe and Levine [18] and Henriksen and Spear [16]).

I use in this paper the bootstrap method studied by Spear, Srivastava and Woodford [24]
to construct stationary rational expectations equilibria with sunspots, which are known to
exist in OLG models according to the Philadelphia Pholk Theorem®. In the derivation of
these equilibria, I find that prices depend on lagged endogenous variables, as in Henriksen
and Spear [16]. This result was first presented by Spear, Srivastava and Woodford [24] in
a two-period model with n > 1 goods and m > 1 agents. The similarity is not surprising,
because the three-period-lived model may also be interpreted as a two-good, two-consumer,
two-period-lived model (see Balasko, Cass and Shell [4] and Kehoe and Levine [18]). In this
paper I stick to the former specification since it drastically reduces the number of parameters

that are not subject to normalization and therefore the analysis remains as simple as possible.

2 The model

I study a closed, pure-exchange economy of overlapping generations of agents who live for three
periods, labeled as young adulthood, middle age and retirement. There is one individual in
each cohort and no population growth. Time is discrete. In period 1, in addition to the young
consumer, there are two others, an old consumer who lives in period 1 only and a middle-aged
consumer who lives in periods 1 and 2. Agents are allocated exogenous amounts of the unique
consumption good in each period of life. I assume, as in Geanakoplos, Magill and Quinzii
[14], that these endowments are stationary, and the typical young agent’s lifetime endowment
is w = (wy,w2,0) € Ri, which can be interpreted as the agent’s labor income (income in
retirement is zero).

Agents are allowed to trade a costlessly storable asset called money to redistribute income
over time. In period 1, the initial old and middle-aged receive fixed money endowments ms 1
and ms 1, respectively, such that mg ;1 + ms3;1 = m (young agents receive no endowments of
money). Here, as in the rest of the paper, x; ; denotes the value of = at time j when the agent
is in the i-th stage of life, for ¢ = 1,2, 3. The initial young will demand m,; amounts of money
today and mg ;41 tomorrow and, as time passes by, both adults and old agents have money
endowments in the amounts carried forward from the previous period. In this economy, the
role of government (or central bank) is to keep the aggregate supply of money fixed at m at
all times.

Lifetime preferences for consumption of a typical young agent are specified by the following

utility function:

U et eaa41s cae2] = In(ery) + BIn(coppr — vere) + B2 In (es42 — yeau41) (1)

41t is also possible to construct sunspot equilibria of the Markovian variety first examined by Azariadis [1].



where ¢ = (c14,C2,441,C3,42) is the consumption over the life cycle, 8 € (0,1] is the
discount factor and v € Ry is the habit parameter. As in Lahiri and Puhakka [20], agents
derive utility from the gap between current and past consumption. Note that habits vanish
completely after one period of twenty years.

I work with subtractive habits in (1), because this representation has several advantages
over the multiplicative version also used in the literature (e.g. Bunzel [8])°. For instante, the
properties of the Hessian of U [¢] remain qualitatively intact after the introduction of habits
(in particular, the negative semidefiniteness of the Hessian of U [c]). However, it may be
necessary to impose certain restrictions on the Jacobian of U [¢] to prevent the intertemporal
marginal rates of substitution from being negative, as subtractive habit formation may cause

consumption goods to become consumption bads. Specifically, the restrictions needed are as

follows:
Cdeygsr ey — By (capr —yers) o
dery (c2,041 — ’Yﬁ,t)fl — B%y (342 — ’YCz,t+1)71
(2)
_desia (Coay1 — yern) = By (esure — yeaun) 50
deg 41 B(capra —vyeaur1) "

It turns out that these two conditions can be readily disregarded in this paper, since
the homotheticity of preferences (implied by the logarithmic specification) is preserved under
subtractive habits (see Bossi and Gomis-Porqueras [7] for an algebraic proof), and hence all
goods remain normal.

Let p; be the price level of the consumption good (I use the price of money as the
numeraire). If conditions (2) hold, then the agent chooses ¢ and money holdings m =

(M1, may41) so as to maximize (1), subject to the sequential budget constraints:

pecry < prwl — Mg
Di+1C2,441 < Prp1wWo + My — Moyl (3)

Dt42C3t42 < Mot

plus the usual non-negativity constraints on consumption and consumption services (de-
fined as 3 411 = ca 441 —"yc1,s and €3 442 = €3 442 —YC2¢+1). Note that in this model mg 41 > 0,
because middle-age agents must save to finance consumption when old, but m;; could be ei-
ther positive (i.e. asset) or negative (i.e. liability). Finally, because U [¢] is continuous and

the constrained choice set is compact, the consumer’s problem has a solution by a routine

°In the subtractive version, the instantaneous utility function depends on the distance between current
consumption and past consumption; in the multiplicative approach, the utility is a function of the ratio of
current consumption to past consumption.



application of the Weierstrass theorem.

3 Perfect-foresight equilibrium

In order to build the main argument of the paper, I first assume that agents have perfect
foresight, which is the rational expectations equilibrium requirement in a deterministic setting.
To begin with, I define a competitive equilibrium for this economy with outside money. Notice

that in this definition the initial generations have been conveniently disregarded.

Definition 1 A monetary competitive equilibrium in this economy is a sequence of consump-
tion bundles {c1 s, 2141, C342} 10, money claims {my s, masi1},o, and prices {p;}io,, such
that: (a) given prices, the agent born at an arbitrary period t mazimizes (1) subject to (2)-(3),
plus the usual non-negativity constraints on consumption and consumption services, and (b)

the money market clears Vt, i.e. my 4+ moy = m.

The first part of the definition can be handled easily by a routine application of the Kuhn-
Tucker theorem under convexity. However, a more direct approach is as follows. I guess that
both é2¢41 > 0 and ¢3442 > 0 hold and solve the problem using the Lagrange Theorem. From
the (necessary and sufficient) first-order conditions for an interior optimum, it can be shown

that the unique solution is given by:

Dtw1 + Prr1w2
(L4 B+ B%) (pr + YPes1 + V2pis2)

Bpy }
C2,.t+1 |Pt4+2: Pt+1,Pt] = 1+8)y+ ——— r e, 5
1 [Pres Pt ] {( )7 Pt+1 + VP42 ! 5)

(4)

Ci,t [pt+2,pt+1,pt]

Finally, I verify that (4)-(5) satisfy both (2)-(3), as well as the non-negativity constraints
on consumption and consumption services and hence the initial guess is verified.

With (4)-(5) I write the market-clearing condition as a non-linear function:

Fo [pe42, i1, 06, pt—1] = 0

Because preferences are represented by a logarithmic utility function, it is possible to get

a closed-form expression for py4o. This is the content of the following proposition:

Proposition 1 The perfect-foresight dynamics of prices are described by a third order non-

linear difference equation of the form:

P2 = F1 ey, e, Pe—1] (6)

Proof. See appendix. m



With this equation at hand, it is convenient to reformulate the original definition of a

competitive equilibrium as follows:

Definition 2 A perfect-foresight equilibrium can also be viewed as a forecast function Fi

which satisfies the first-order conditions (for optimality) and the market-clearing condition.

Now I use (6) to study the existence and uniqueness of a stationary equilibrium, in which
prices (and consumption bundles) remain constant over time. Stationary variables do not

have time subscripts. The results are summarized in the following proposition:

Proposition 2 There exists a unique steady-state price p, which satisfies my [p]+ma [p]—m =

0 for endowment w which is a monetary equilibrium.
Proof. See appendix. m

As is standard in OLG models with perfect foresight, this proposition does not imply
positive aggregate savings in equilibrium. Since the endowment profile attached to each
newborn is w = (w1,ws,0), adults must save in equilibrium to finance consumption when
old. However, young individuals save if wy is relatively high, otherwise they prefer to transfer
debt from one generation to another so as to smooth consumption. Therefore, I assume from
now on the following constraint on w in order to guarantee positive aggregate savings in

equilibrium:

Assumption 1 The endowment w is such that (2—X)wi + (1 =N ws > 0, where A\ =
(1+8) (1+y+92) +1+2y

(14+8+82) (1+v+2) (147)
has aggregate savings equal to m > 0.

and hence the monetary steady state with equilibrium price p > 0

Note that the condition on w is easily fulfilled with a low value of w; when either the
discount factor or the habit parameter is high enough. Intuitively, if young agents become
more patient, then other things equal they are more willing to save out of their endowment.
Also, young agents save more as the habit effect strengthens, other things equal, as youth
consumption puts a floor on adult consumption.

Now I convert the third-order difference equation defined by (6) into a first-order non-linear

system of the form:

Gt+2 = Fa [qi41]

where ¢i11 = (prr1, e, pe—1)" and Fh is given by the equation:

Di+2 Fi [pey1, ¢, pe—1]
Pt+1 | = DPt+1
Dbt Dbt



At p, the Jacobian matrix associated to this system is given by a 3x3 matrix G of the

form:
OF1 [p] /Opiy1 OF1[p] /Ops OF1[p] /Opi—1
G = 1 0 0
0 1 0

The Hartman-Grobman theorem asserts that if p is a hyperbolic steady state of (6) and
if the Jacobian matrix G is invertible (which is indeed the case since G is full rank), then
there is a neighborhood P of p in which the first-order Taylor series expansion with Jacobian
matrix G is topologically equivalent to the original non-linear system.

Generically, there is no need to worry about non-hyperbolic equilibria. Given an arbitrary
system x; = F [1;_1,a] with F[-,a] € C!, the moduli of eigenvalues are continuous functions
of the parameters a. If the steady state of F'[-, a] is non-hyperbolic at a = ag, then generically
any small change in the value of a yields a hyperbolic equilibrium close to the old one, provided
that the steady state itself does not disappear (see de la Fuente [12]).

Let #e denote the number of eigenvales of G whose moduli lie outside the unit circle.
As there are two non-predetermined variables in (6), namely p;y; and p;, the Blanchard-
Kahn eigenvalue conditions, which are essential to characterize equilibrium dynamics, are

summarized in the following proposition:

Proposition 3 (Blanchard-Kahn) Let p be a hyperbolic steady state of (6) and let the
Jacobian matriz G be invertible. If the number of eigenvalues of G whose moduli lie outside

the unit circle is

1. equal to two, then the steady state is locally saddle-path stable, i.e. there exists a unique

competitive equilibrium (determinacy).
2. greater than two, then there is no non-explosive solution satisfying (6).

3. less than two, then the steady state is locally stable, i.e. there is an infinity of competitive

equilibria (indeterminacy).

In the presence of habit formation, an economy is completely characterized by the follow-
ing set of parameters (w1,ws2,7,5). I assume that v € [0, 1], because the habit parameter
typically belongs to the unit interval in the calibration exercises performed by Bossi and
Gomis-Porqueras [7]. I further assume that w; + we = 1, without loss of generality, since
homotheticity is preserved under subtractive habit persistence. With these simplifications, an
economy can be represented by a triplet (w1,7,3) € [0,1] x [0,1] x (0, 1].

In Figure 1, I depict the (w1, ) Cartesian plane for four possible values of 3, and assess the

stability properties of every hyperbolic equilibrium, following the Blanchard-Kahn eigenvalue
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Figure 1. Stability properties of the monetary steady state for different parameter
configurations (w1,1 —w1,7,-) and 5 € {0.1,0.2,0.4,0.5}. At every steady state,
indeterminacy occurs when there is more than one stable eigenvalue, determinacy occurs
when there is one stable eigenvalue, instability occurs when there is less than one stable
eigenvalue and, finally, no outside money equilibrium means that Assumption 1 is not
satisfied.

First of all, the discount factor is smaller than in representative-agent models. These
values are not implausible, however, because each period in OLG models of this sort typically
consists of 20 years. For example, Kehoe and Levine [18] and Geanakoplos, Magill and Quinzii
[14] set the discount factor to 0.5 = (0.96594)2°, while Constantinides, Donaldson and Mehra
[11] assume the discount factor is 0.44.

The routine builds G at every possible coordinate pair in the grid, conditional on Assump-
tion 1 being satisfied, and then calculates #e. Since F} is provided explicitly in the appendix,
the exact elements of G are computed in each round.

There are four different colors in each panel of figure one: light gray, gray, dark gray and
white. It is well known that if the original equilibrium is hyperbolic, then small changes in

~ do not take the moduli of eigenvalues across the boundary of the unit circle. However, in



Figure 1 there are small perturbations of « near certain critical values that change the nature
of the steady state. Then, bifurcations as defined by Guckenheimer and Holmes [15] occur at
non-hyperbolic equilibria in this model.

To begin with, notice that all economies located in the light gray area do not admit a
steady state with positive aggregate savings. In these economies, the assumption on the
endowment profile w is not met. As expected, equilibria with outside money are not well
defined when the endowment of the young is low enough.

In the gray area, the steady state is unstable as #e = 3. However, this case may be
disregarded because instability requires that w; > ws, which is at odds with what is observed
in reasonable calibration exercises. Conversely, the stationary economies located in the dark
gray areas are locally saddle-path stable, because #e = 2. Azariadis, Lee and Ohanian [3]
show that if habits are absent in a model like mine, then this is the only possible outcome.

The introduction of habit persistence, nevertheless, makes the steady state locally stable
in all economies located in the white areas, as #e < 2. Indeterminate equilibria are consistent
with hump-shaped endowment profiles and reasonably high discount factors. In particular, the
economy characterized by 0 = (w1, w2, ws,7,3) = (0.1,0.9,0,0.5,0.4) satisfies the eigenvalue

criterion®. Thus I have proved the following proposition:

Proposition 4 For a non-empty, open set of economies satisfying Assumption 1, there exists

a neighborhood P of p such that the map Fy is a contraction on P(p) x P(p) x P(p).

Origins of indeterminacy: Interpretation

First, it is convenient to discuss the behavior of the offer curve. Let A; = a1 + a9 denote
aggregate savings, where (o, 2 +1) = (ma,/DPr, M2¢41/pe+1) represent the assets held by
the young and middle-aged at the end of periods ¢t and t 4 1, respectively. Typically, the offer
curve uses the market-clearing condition to relate A1 to A; in the (As, Aip1) plane. Now
the asset market clears when A, = m/p; or Ayy1 = Ry Ay, where R, = p;/pi41 is the gross rate
of return”’.

Notice that the set of economies in which the steady state is a sink is relatively large
when the discount factor is close to zero, but disappears gradually as the discount factor
approaches one-half. Intuitively, when the discount factor is small enough, the desire for
youth consumption increases, which affects positively the marginal utility of consumption in
the second stage and fosters adult consumption. This in turn increases the marginal utility

of consumption in the third stage and so on. Put it differently, indeterminacy arises when

This parameterization suggests that agents get 90 percent of their lifetime income when middle-aged. In
the literature, it is possible to encounter similar specifications, for instance, if agents earn labor income only
in the second period of their life, as in Jappelli and Pagano [17].

"As in Blanchard and Fischer [6], a monetary equilibrium could be defined, in principle, without direct
reference to the stock of currency.
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agents are impatient and dated consumption goods become weak gross complements at yields
near the golden rule.

The longer horizon adds an additional effect on the aggregate saving function. Because of
Proposition 4, there is an open set of economies in which the offer curve crosses the 45-degree
line from below with a slope between —1 and 0, such that A; = A1y = A > 0. This means
that the equilibrium sequences of returns converge to the monetary steady state via damped
oscillations, as the slope of any straight line that goes through the origin equals R;. That is,
returns switch between high and low and converge to 1.

Now suppose returns are high at ¢t. Hence the current middle-age agents’ wealth is small,
as they received low returns on their savings at ¢ — 1. Consequently, their demand for money
is low at time t. Therefore, even if the young agents’s demand for money is high because of
the high returns, the aggregate demand for savings can be low because the middle-aged are
constrained by their wealth. Thus, with longer time horizon, there is more room to derive a
downward sloping aggregate saving function because of the wealth distribution among different
generations (a comprehensive explanation of this channel can be found in Battacharya and
Russell [5]). This mechanism is completely absent from the two-period model.

Furthermore, this new mechanism supports stable steady states for reasonable values of
the discount factor. When the discount factor is relatively high, young households save almost
all their corresponding endowment regardless of the rate of return, so their demand for savings
becomes more inelastic to the rate of return. But since the new transmission channel is strong,
indeterminacy persists for values of the discount factor of the order of one-half.

As explained above, indeterminacy means that in the neighborhood of a stable steady state
there is an infinite number of convergent price sequences. This feature of forward stability

will be used to construct stationary sunspot equilibria in the next section.

Two-period economies

In this subsection I revisit briefly the model originally posed in Lahiri and Puhakka [20],
inhabited by two-period-lived agents. If oy stands for the savings of the young, then in
any competitive equilibrium the asset market clears when a;11 = Ryay. Differentiating this
expression I get day11/00 = Ry (1 + 1/€), where € = (da/dR)(R/«). For indeterminacy to

occur, I need € < —0.5 at the steady state. As before, an economy can be represented by a

11
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triplet (w1,7,8) € [0, 1] x [0,1] x (0,1]. I depict in Figure 2 my results:
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Figure 2. Stability properties of the steady state, for different parameter configurations
(wi,1 —w1,7,-) and g € {0.01,0.02,0.04,0.1}. At every steady state, indeterminacy occurs
when the elasticity of savings with respect to the real rate of return, evaluated at the steady
state, is less than minus one-half; determinacy occurs when the elasticity is greater than
minus one-half and, finally, no outside money equilibrium means that a condition similar to

Assumption 1 is not satisfied.

Unlike the case with 3 periods, now income should be heavily concentrated in the early
parts of the life cycle and the discount factor should be very low for indeterminacy to occur.
It is also evident that indeterminacy is not monotonic in the habit parameter. In order
to study this phenomenon, I derive the offer curve a la Cass, Okuno and Zilcha [9] when
(w1, w2,7,8) = (0.95,0.05,-,0.1) and v € {0.1,0.4,0.7}. The offer curve can be represented

as a; = g(a411), using backward dynamics®.

8See the appendix for details on the derivation of the offer curve.
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Figure 3. Offer curve associated to OLG economies with two-period-lived agents
when (w1,ws, 5) = (0.95,0.05,0.1). The habit parameter v takes three different
values, and m stands for the value of the slope of the offer curve when it crosses

the 45-degree line.

As shown in Figure 3, the offer curve is surjective (there are two values of a; consistent
with az11 = 0), and hence discontinuous. The offer curve is negatively sloped and, most
importantly, the slope of the curve at the steady state is less than one in absolute value when
~v = 0.4, but greater than one when 7~ is either 0.1 or 0.7. Unlike the standard case with power
utility and low elasticity of substitution, the steady state is stable even though the offer curve
does not bend backwards (as stated incorrectly in Lahiri and Puhakka [20]). Since the higher
the habit parameter, the flatter the offer curve, it is clear that indeterminacy may not be
monotonic in the habit parameter.

With two periods, households only accumulate savings when young (if any). When the
discount factor is low, they desire to consume in the first period of life. But in presence of
habit formation, consumption when young increases the marginal utility of consumption when
old. Consequently, their initial willingness to save is high, so an increase in the rate of return
produces a non-negligible raise in the level of savings. However, the income effect acts in the
opposite direction. If the net effect of these two forces is strong enough to produce a decrease
in the level of savings, and the offer curve intersects the 45-degree line with a slope less than

one in absolute value, then there is indeterminacy.
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4 Rational expectations equilibrium

An alternative interpretation of Proposition 4 is that there is a set of economies in which
neither preferences nor endowments may help determine the actual outcome at any period ¢.
Unfortunately, habit formation may undermine the concept of perfect foresight equilibrium
and in this scenario, agents rely on an extrinsic random variable, or sunspot variable, which
conveys useful information for forecasting equilibrium prices.

To construct an equilibrium, following Spear, Srivastava and Woodford [24], I first study
the problem faced by the agent in the last period of life (i.e. backward dynamic programming).
I consider stochastic economies close to a deterministic economy satisfying Proposition 4.
Loosely speaking, I will be looking for a stationary forecast process satisfying some optimality
conditions, together with an invariant measure for the process defined by the forecast function,
that is, the stochastic counterpart of Definition 2 (a formal definition is provided in Definition
3).

Let ¢3¢42[m2t+1,C1t, €2,6+1, Pr+2] be the third period demand function obtained from:

max Ulcy s, €241, €3,642]
C3,t+2

subject to

Dt+2C3 442 < Prrows + M2 41

Let A2[ma 41, €16, €241, Prr2] be the associated multiplier. Now, in the second period of
life, the agent thinks of future prices as functions of {£;}, a sequence of bounded, independent
and identically distributed random variables, with distribution given by the measure . The
agent also knows that v is the induced probability measure of period ¢ + 2 prices. When

middle-aged, the expected utility maximization problem is as follows:

max [ Ulery, €241, €3,042[M2,1415 CLts €241, Des2)] dO) [pri2]
€2,44+1,M2,t4+1

subject to

Di41C2t4+1 < Prp1w — M1 + My

The first-order conditions for this problem are:

J DoU [c1t, €241, C3442[M2t41, €t C2441, Prt2)] A [Pet2] — Miper1 = 0
M = [ Aa[mogit, cip, copp1, pry2ldd [prge) = 0 (7)
Pe1224+1 +Mogrr —mie = 0
where 29441 = c2441 — w2. The implementation of a stationary sunspot equilibrium

makes use of the bootstrapping method, which consists of replacing the stochastic first order
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conditions with equations in which there is one deterministic component and one random

component. Hence I rewrite the conditions as:

DoU [c1,4, 2,441, C3,042[M2,441, C1t; 2441, Pe42)] — AMPr41 — Ecpr2 = 0
Al — A2[Ma 41, Clt, €241, D2 — Extrz = 0 (8)
DPtr122t+41 +Mmogr1 —miy = 0

where €, = (5C7t+2,5k,t+2) is an R2-valued random variable drawn independently each
period from a distribution p such that [ edp [¢] = 0. Equations (8) imply (7). Now I substitute
from the budget constraint for cs ;41 in the first two equations. Then I substitute from the

multiplier equations for A; in the first equation. This yields:

DU [c1,t,m2t41, €3, 442[M1 ¢, C1t, M2 441, Deg1, Pe42)]

_/\Q[ml,hCl,tam2,t+17pt+lapt+2]pt+1 — ENtH2PtH1 T Ect+2 = 0 (9)

Note that with mq ; and c1 ¢ given, p;y1 = piy2 = p, and €442 = 0, this equation will have a
solution my. Now I wish to solve this equation for p; 2 as a function of (my ¢, c1.¢, M2 t41, Pit1, Et42)
on a neighborhood of (mq¢,c1+,m2,p,0). In order to apply the implicit function theorem, I
need the derivative:

J = DogUDyp, 3112 — pey1Dp, 5 A2

to be non-zero. For generic utility functions, Spear, Srivastava and Woodford [24] argue
that this is the case.

Proposition 5 For an open and dense set of utility functions satisfying the maintained as-

sumptions, J is non-zero at (myy,c1,t, M2, p,0).
Proof. See Spear, Srivastava and Woodford [24, Lemma 4.1]. =

Given this result, it is possible to write:

Prr2 = Hi[mag, €16, M2 t41, Pit1, Et42) (10)

such that Hy, D3H; and D4H; are all continuous functions of (my 4, ¢1.4, M2 ¢41, Prt1, €t4+2)-
As in Spear [23], I assume that the realization of €412 and determination of p; o during period
t 4+ 2 are simultaneous. Now the agent takes this forecast function as given, together with the
distribution y for € and generate demands ¢ 441 [mi4, €14, M2 41, pre1; ] and shadow prices
A1 [mag, cre, M1, Pegts )

In the first period of life, the agent considers the following expected utility maximization

15



problem:

Clntfl%%t f U [Cl,t, C2t+1 [ml,t, Cl,t7m2,t+1apt+1§ﬂ] ,03,t+2[m1,t, Cl,t, M2 t4+1, Pt+1, Hl;,u]] dip [Pt+1]

subject to

pec1e +mie < prwt

The first-order conditions for this problem are:

fDlU [c1t, c2,041 0], c3t+2[0]] AV [pri1] — dopr = O
Ao — f>\1 [o]dY [pi+1] = O (11)

przig+miy = 0

where 211 = c14—w1, (0) = (M1, c1t, M2,e41, Pey1; 1) and (o) = (Mg, €16, M2 41, Per1, His p).
It is worth mentioning that H; does not depend on ;1 2, as it has been integrated out. Now

I replace the above equations by:

DU [c1 4, 2441 [0), c3p42[0]] — Aopt —€ce41 = O
AO - )\1 [O] - 8)\7t+1 = 0 (12)
ptz1g+mig = 0

Equations (12) imply (11). As before, I substitute from the budget constraint for ¢;; in
the first two equations. Next I substitute from the multiplier equations for A\¢ in the first

equation. This yields:

DU [ma g, €2,041 [Mat, M2441, Pes Det1; 1] 5 €3,042[M01 ¢, M2 141, Dt Pet1, Hi [Ma e, Mo g1, Pes Pesi] 5 1]

— A1 (Mg, M2 41, Prs Pet15 1] Pt — Ext+1Pt — Ecit+1 = 0(13)

Note that at p; = pry1 = p, and €441 = 0, this equation will have a solution m;. Now I
wish to solve this equation for p;y; as a function of (my 4, ma 11, pt, €441) on a neighborhood
of (m1,ma,p,0). Let nit!t = (mi4, mag11). As in the previous case, in order to apply the

implicit function theorem I need the derivative:

J" = D1oUDy, o441+ D13U (Dp,, 3442 + Dy, 342Dy, Hy [ﬁtHaPt,PtH]) —ptDp, 1 M1

to be non-zero. Hence by an argument similar to that used above, it can be shown that J’
is also non-zero generically. Then this equation can be solved for p;+; on a neighborhood of

the non-stochastic steady state values p, 1, and €;+1 = 0. Let the one-period-ahead forecast

16



be given by:
pev1 = Hy [0 pro e ] (14)

When I plug (14) into (10), and incorporate the relevant budget constraint, I get the

two-period-ahead forecast, which is the relevant forecast function:

Pev2 = Ha [0 i, erg, ee4a) (15)

Given this result, there exist neighborhoods M of 1, Py, P1 of p, and N of 0 such that
(15) has a unique solution p; 2 € Py for each choice of n'*! € My, p; € Py, as well as ;41 and
err2 € Ni. Now let agents take this forecast function as given, together with the distribution
o for € and generate demands ¢y [77”1, D3 u] and shadow prices \g [nt+1, D3 ,u].

Finally, since m1; = —piz1,4 and mo 1 = —Di4122,441 — Pi21,t, the market-clearing condi-
tion at ¢ + 1 reads:

t+1

migr1 [0 02 e, evva) + magsa [0 b ergr, Erge] —m =10 (16)

Hence by an argument similar to that used before to establish that J and J’ are gener-

ically non-zero, it can be shown that this equation can be solved generically for n'*?

on a
neighborhood of the non-stochastic steady state values p, n, ¢ = 0 and p = p. Formally I

obtain the following result:

Proposition 6 For an open and dense set of utility functions, equations (9), (13) and (16)
can be solved for n**2. Specifically for any function in that set, there exist neighborhoods
Py C Py of p, My and My C M; of n, and No C Ny of 0, and an { > 0, such that (9),
(13) and (16) have a unique solution n'*2 € My, for each choice of py € Pa, €111, €142 € Na,
!

solution

€ My, and for any choice of p such that ||e|| < ¢ with probability one. Furthermore, the
N2 =G [0 pe e, o]
s such that G1, D1G1 and DyG1 are all continuous functions of nt‘H, D, €141 and E¢4a.
Proof. See Spear, Srivastava and Woodford [24, Lemma 4.2]. =

In order to complete the characterization of the equilibrium, I consider again the forecast
and allocations functions. Clearly there are lagged allocations (allocation state variables) in
the right hand side of both functions:

t+1
P2 = Ho [0 pierin,eria)

t+2 t+1
n = Gi [77 7pt>5t+175t+2]
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In what follows, I will show that it is convenient to express the forecast function solely in
terms of lagged prices and random variables. As in Spear, Srivastava and Woodford [24], I

invert the forecast function and solve for a function:

N = Hy [prya, po eei1, €0v2)
When I substitute this expression into the expression for n+2 (the allocation function) I
get:

42
N = G [pr42, Dt, €141, Et42]

Lagging this one period gives:

1 _
N = G2 [Pr41, Pe—1,Et, Et41)

Substituting for n'*! in the forecast function Ho then yields:

Dit+2 = Hy [Pey1, D, Di—1, €15 €141, €1 42) (17)

which is a continuous function in the first five arguments and a measurable function of
the fifth argument. Proposition 4 implies that in the case of ¢, = €441 = €140 =0, p =
(the measure that puts all mass on ¢, = €441 = €442 = 0), the non-stochastic dynamics are
contracting in a neighborhood of the steady state p. By continuity, Hy is a contraction for e,
err1 and &40 sufficiently close to zero and pu sufficiently close to ji.

At this point it is useful to define the rational expectations equilibrium.

Definition 3 A stationary rational expectations equilibrium is a pair (Hg,n) such that Hy is
a stationary forecast process satisfying the stochastic first-order conditions and the market-
clearing condition and n is an invariant measure for the Markov process defined by Hy. The
rational expectations equilibrium is non-trivially stochastic if the function Hy depends non-

trivially on the random variable €41.

As before, the third-order difference equation defined by Hy is converted into a first-order

system of the form:

Di+2 Hy [pi41, P, Pe—1,€t, €441, Et42]
Di+1 | = Di+1 = Hy [Pt41,Dt, Pt—1,E€ts €141, Et42)
Dt Dt

or, alternatively, g2 = H4 [Gt+1,€¢, €41, E12], Where g1 = (Pt+1apt,pt—1)/- Then, ff4
together with the measure p describe a stationary Markov process for (git1,es,€¢41) with
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support P3(p)? x N3(0)2, with P3 € Po NPy and N3 C Nj. Since H, is a contraction, it
may well be assumed that this support is compact. Now it is left to show that there is an
invariant measure n for this process.

As in Spear, Srivastava and Woodford [24], I consider any continuous function Q [g¢+2, €141, £¢+2]

and define the transition probability operator T" associated with the measure on pu:

(TQ) [qt+1, ¢, €t41) = /

Q [EQ [Qt+1, ¢, Et41, Et+2] :5t+175t+2] dp [e142]
N3(0)

As Hy is continuous in its first three arguments, the transition operator 7' (which is applied
on the function Q) plainly takes continuous functions into continuous functions. Hence, by
Rosenblatt [21, Theorem IV.3.1], there exists an invariant measure for the stationary Markov
process defined by H, and the measure .

It turns out that the pair (Hy,n) stands for a rational expectations equilibrium. Since the
random variable €;49 is non-degenerate by assumption, the agents’ forecasts are non-trivially

stochastic. Thus I have proved the following proposition:

Proposition 7 Under Proposition 4, there exists a non-empty, open set of economies exhibit-
ing non-trivial stationary rational expectations equilibria (Hya,n) in state variables (Pi4+1, Pty Pt—1, €ty Et4+1)

for u sufficiently close to .

Therefore, in principle there is no causal connection between the sunspots and prices,

except through agents’ forecasts, an argument originally put forward by Spear [23].

Two-period economies revisited

In the general multiple commodity model or in three-period-lived models, the allocation vari-
ables cannot be eliminated through the budget constraints and hence play a non-trivial role in
determining the form of the equilibrium. However, in two-period-lived models it is possible to
eliminate the allocations from the equilibrium price function via the money market clearing
and the two budget constraints.

The proof is straightforward. First of all, the money market clearing condition requires

my = m for all ¢, and thus the sequential budget constraints may be rewritten as:

m m
el <wyp — o and co 41 < wa + o
¢ t+1

The first-order condition which define the equilibrium in this model then takes the form:

1 m m 1 m m
——DU wl—,w2+] + ——DyU |:w1—,w2+ —ect41 =0
Dt Dt Pt+1 Pt+1 bt Pt+1
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This equation can be readily solved for p;11 = F(pt,et+1). Under conditions similar to

Proposition 4, the forecast function is consistent with stationary sunspot equilibria.

5 Concluding remarks

I show that indeterminacy may arise in three-period-lived OLG economies with reasonable
values of the discount factor and hump-shaped endowment profiles even if the utility function
is logarithmic, provided that subtractive habit formation is allowed for. When the steady
state becomes locally stable, it is possible to construct sunspot equilibria.

It would be straightforward to assume that ws is positive (but relatively small), in which
case the results presented in this paper would hold by means of a continuity argument. Fur-
thermore, if I relied on more general power utility functions beyond the logarithmic case, I
would obtain local stability with a higher elasticity of substitution than what is needed in
traditional models (see Grandmont [13]). A larger number of periods would just reinforce the
income effect.

The approach presented in this paper complements the huge literature on general equilib-
rium that argues that indeterminacy helps arbitrary self-fulfilling beliefs become a source of
volatility, even when preferences or endowments are not random. Even though the literature
on extrinsic uncertainty has always highlighted the role of sunspot variables as coordination
devices, the theory developed here is unable to identify the way in which market participants
coordinate their expectations and consequent decisions. In other settings, however, it is possi-
ble to grasp such relationship, for example, Duffy and Fisher [10] present direct evidence from
a controlled experiment on how buyers and sellers in a double action use a sunspot variable

as a coordination mechanism. I believe this is a promising direction of research.
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Appendix

A  Proofs

Proof of proposition 1. Note that m1 [pir2, per1, pi] = prwi—pec1 e, and may [prr1, pe, pe—1] =
Pr—1wi + prw2 — (pr—1€1,4—1 + prca), where ¢1; and ca 4y are defined as (4) and (5), respec-
tively.

The market-clearing condition can be written as:

M1 [Pry2, Pey1,pe] = ™ — Moy [De1, De, Pr—1)
Pew1 Pt (Prws + pr1on) = m — may [Pi+1, Pty Di—1]
— —_— - s + 9 —
(14 B8+ B%) (pr + Ype+1 + V2pit2) ’

Or, alternatively:

1 opt (prwi1 + pry1we
P2 = — { ( +102) — — (ot +yPe+1)

2 | pew1 + may [Pes1, D Di—1] — M

where § = (1 +8+ 52) -1 Clearly, this last expression can be written as pyyo = Fi [pry1, Pt, Pr—1)-
[

Proof of proposition 2. At any stationary equilibrium, p; = p. Then,
m [p] = p (w1 —c1)
where ¢1 = (w1 +w2) (1+ B8+ 6%) (L+v+ 72))_1. In the same fashion,
my [p] = p (w1 +w2) — A+ 1+ B)y+6/(1+7))c1)
The market clearing condition is m; [p] + me [p] = m, or:

pwi(2—=A)+w2(l=X)=m

(148) (1+v+72) +1+2y
(14+6+8%) (1+r+42) (147) |
Solving out for p yields:

where \ =
p=wi(2=N+wr (1=X)"'m

Clearly, the steady-state price is positive if either m > 0 and (w1 (2 — \) + w2 (1 — X)) > 0,
orm<O0and (wi (2—A)+w2(1=X)<0. =
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B Derivation of offer curve

Let Ry = pt/pi+1- The excess demand function when old is:

Qi1 = C2t41 — W2
= wily— Cl,th
wlR,? + (.UQRt
(14+8) (R +7)
Ry [yw1 — wa + fwi (Ry +7)]
(1+68) (R +7)

= wily —

where the second and third lines use a1 = Ryoy and ¢1 4 = (w1 Ry + w2) (1 + ﬁ)fl (R + fy)*l,

respectively. The last expression can be written as:
0= )\QR? + MR+ Ao

where Ay = w1, A\ = (14 B)yw1 — w2 — (1 + B) ayy1, and A\g = — (1 + ) yay+1. From
this quadratic form I get:
1
—A1 £ (A] = 4A2)) 2

R=
22

By Descarte’s rule of signs, there is only one positive root Rt (because Ay > 0, \p < 0
and A1 # 0). Finally, the level of savings is given by:

s )]
e (1+6)(R++7)

The offer curve is the locus of points (o, aq1).
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